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directional  reflectance  and  emissivity 

OF  AN  OPAQUE  SURFACE 

Fred  E.  Nicodemus 

1.  ABSTRACT. 

\ 

Concepts,  terminology,  and  symbols  are  presented 
for  specifying  and  relating  directional  variations  in 
reflectance  and  emissivity  of  an  opaque  surface  element. 
Their  relationship  to  more  familiar  concepts,  including 
those  of  perfectly  diffuse  and  specular  reflectance,  is 
given,  and  they  are  applied  to  illustrative  examples.  It 
is  shown  that,  when  the  usual  reciprocity  relationship 
holds,  the  reflectance  for  a  ray  incident  on  an  opaque 
surface  element  is  related  by  Kirchhoff's  Law  to  the 
emissivity  of  that  element  for  a  ray  emitted  along  the 
same  line  in  the  opposite  sense. 

is- 
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Reflectance  and  emisslvlty  of  the  surface  of  an  opaque  body- 
are  considered  as  properties  of  the  surface  material  and  of  Its  micro¬ 
scopic  configuration  (roughness)  but  not  of  its  gross  configuration 
(curvature).  This  distinction  between  microscopic  and  gross  details 
of  the  surface  configuration,  which  is  to  some  extent  an  arbitrary  one, 
will  be  discussed  further  below.  But  reflectance  and  emissivity  are 
commonly  defined  or  specified  in  ways  which  Include  an  implicit 
(and  often  overlooked)  dependence  on  the  geometry  of  the  radiation 
beam  (Including  incident,  emitted,  and  reflected  rays  and  the  effects 
on  those  rays  of  the  gross  surface  features)  Even  when  this  depen¬ 
dence  is  recognized,  the  specified  reflectance  or  emisslvlty  is  usually 
applicable  only  to  situations  which  reproduce  the  same  geometry.  On 
the  other  hand,  it  is  possible  to  specify  the  reflectance  and  emissivity 
of  an  opaque  surface  (i.  e.  ,  of  any  planar  surface  element)  concisely 
and  unambiguously  as  functions  of  direction  (with  reference  to  the 
orientation  of  the  surface  element)  which  can  be  applied  quite  generally. 

The  purpose  of  this  paper  is,  first,  to  describe  such  a  way  of 
specifying  the  directional  reflectance  and  emissivity  of  an  opaque  surface, 
to  recommend  appropriate  terminology  and  symbols,  and  to  relate  them 


i 


to  those  Iti  t'onimoit  use.  Second,  a  relationship  will  be  established 
between  the  directional  reflectance  of  a  surface  element  (1  e  ,  Its 
reflectance  for  a  ray  Incident  from  a  particular  direction)  and  the 
directional  emlsslvity  of  the  surface  element  for  radiation  emitted 
In  that  same  direction  .  In  other  words,  the  related  quantities  are 
the  reflectance  for  a  ray  incident  along  a  line  which  Intersects  the 
surface  element  and  the  emisslvlty  for  a  ray  emitted  along  the  same 
line  In  the  opposite  sense. 

The  radiometric  quantities  used  are  listed  In  Table  I,  repro¬ 
duced  from  an  earlier  paper \  The  radiometric  relations  will  be 
analyzed  below  primarily  In  terms  of  the  basic  quantity  radiance  (N). 

In  the  earlier  paper  ^  it  was  shown  that  when  radiance  is  defined,  as 
In  Table  I,  as  the  radiant  flux  or  power  (P)  per  unit  solid-angle  (  Q  )  - 
In-the-directlon-of-a-ray  per  unit  projected-area  (Acos 0) -perpendic- 
ular-to-the-ray,  it  has  the  same  value  at  any  point  along  this  ray  with¬ 
in  an  Isotropic  medium,  in  the  absence  of  losses  by  absorption, 
scattering,  or  reflection.  More  generally,  the  quantity  N/n^  (where 
n  Is  the  index  of  refraction)  In  the  direction  of  a  ray  was  shown  to  be 
Invariant  along  that  ray,  even  across  a  smooth  boundary  between 
different  lossless  media. 


1.  bee  list  of  references  in  .Sectionts. 
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U.idiomctric  qiuiii titles, 

symlKiU,  <lt*hnitii>ns.  and  units. 
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Deruiing  relations 
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Radiant  emitunce 

Irradiance 
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iK|  dp 

Hi  it.-l 

W'cin'*' 

Radiance 

.V 

B'P 
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cosWv4dn 

W-cm”*-sr"' 

Wavelength 

X 

micron  (n) 

Spectral  radiant  power 

Py 

dp 

Px^— 

dX 

Spectral  radiant  intensity 

A 

a/ 

ax 

Spectral  radiant  eniittaiicc 

»x 

air 

irx= — 
ax 

Wcm”-#*"' 

Spectral  irradiance 

Hy 

SH 

Hym  — 

ax 

Spectral  radiance 

Ny 

dN 
.Vx  — 

ax 

W'Cm“*-si“i  •*1”* 

Radiant  emissivity 

Ru-ii.int  absorptaoce 

R-i  ;■  .!•- 

Radiant  transmittance 

X  -te: 

t 

<t 

0 

T 

Ratio  of  "emitted”  radiant  power  to  that 
from  an  ideal  blackbody  at  the  same  tem¬ 
perature. 

Ratio  of  "absorbed”  radiant  power  to  incident 
radiant  power. 

Ratio  of  "reflected"  radiant  power  to  incident 
radiant  power. 

Ratio  of  "transmitted”  radiant  power  to 
incident  radiant  power. 

Thf"  sp^«  tral  radiant  emisslvity  «*,X)  ^  '  H\.»6  Hence,  the  subscript  notaiioii  «x,  which 

1  be  confused  with  fic'dx.  is  not  recommended,  although  it  is  often  used.  Siniilarly,  it  is  reconinieiulcd 
chai  the  spectral  absorptance,  spectral  reflectance,  and  spectral  transmittance  be  uVitten  aso(XJ,  p(\). 
aiii)  r'A',  respeccively. 
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In  Tablo  I.  the  definitions  given  for  radiant  err.  ssivity  and 
radiant  reflectance  take  no  account  of  the  effects  of  the  geometry  of 
the  radiation  beam.  The  following  treatment  will  refine  these 
definitions  to  recognise  explicitly  the  way  in  which  these  quantities 
may  vary  with  orientation  (relative  to  the  surface).  Only  opaque 
surfaces  (of  zero  transmittance)  and  the  geometrical  ray  optics  of 
incoherent  radiation  will  be  considered. 

3.  DIRECTIOXAL  REFLECTANCE 

Consider  a  radiation  field,  where  the  radiance  is  a  function 

of  both  position  and  direction,  incident  on  the  surface  of  an  opaque  body 

where  some  of  the  radiation  is  absorbed  and  the  rest  is  reflected  (as 

used  here,  "reflected"  includes  diffuse  reflectance  or  scattering)  to 

form  a  second  radiation  field,  where  the  radiance  N  of  the  reflected 

r 

radiation  is  also  a  function  of  position  and  direction.  is  directly 

proportional  to  X.  in  the  sense  that,  if  the  value  of  N.  is  multiplied  by 

a  constant  that  is  independent  of  position  and  direction,  the  resulting 

values  of  will  all  be  multiplied  by  the  same  constant  factor.  It  will 

be  seen  below  that  the  interdependence  of  the  spatial  and  directional 

distributions  of  N  and  X.  is  more  complex, 
r  i 

Xe.xt,  consider  only  the  radiant  power  incident  on  a  particular 
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element  6 A  of  a  reflecting  surface  through  an  elementary  beam  of 
solid  angle  6  from  a  direction  (  9^,  cp^),  where  9^lr  the  angle  from 
the  normal  to  6 A  and  Is  tl>e  azimuth  about  that  normal  (see  Figure 
1).  This  incident  radiant  power  Is  given  by  ^ 

(  6j  .  <Pj)  =  Nj  (9^  ,  cpj)  cos  0^  6A  60^ 

=  Nj  (9^,  cpj)  60'j  6A  [w],  (1) 

where  6fi'^  =  cos  9^^  SO 

=  sin  6^  cos  6jd  cp^, 

1  4 

is  the  "projected  solid  angle"  ’  of  the  elementary  beam.  Corre¬ 
spondingly,  the  Irradiance  at  6A  Is 

6Hj  (8^.  <p  ^)  =  rje^,9j)  6  n'j  [w.cm'®].  (2) 

Then  the  radiant  Intensity  of  the  surface  element  6A,  due  to  reflection 

(scattering)  of  radiation  from  this  incident  elementary  beam,  In  the 

direction  (9  ,  cp  )  Is 
r  r 

5Jj.  (  ^r’ 'f’r)  “  P'  (9j.  95.  9^;  <Pj.)cos  'Pj)  [w-sr~-]  (3) 

or,  by  dividing  both  sides  of  Equation  (3)  by  6Acos9^,  we  obtain  the 
reflected  (scattered)  radiance 

^®r’ ^r^  ■  '*’1' ®^1*®1' ''’1'  [  w- cm”®  •  sr”’-]  ,  (4) 
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,  ,  ,  X  '^N,.(Pr.  tPr)  ''N,.(  A,.,  CP,.) 

where  o'(9,.<p,.P  .  cp  )  ^  r,  ,  ^  *  , 

1  1  »■  ’•  ( Aj,  f,,^)  ^'■{(Pf.trj)  ^  n'j 


[sr-'l  (S) 


Is  the  p.u'tl.il  retlectanee  or  "  refloctioii-<listvlbutlon  fuiirtlon"  of  the 
surface  eletnent  5  A  for  radiation  Incident  from  tlie  direction  (  a^,  cp^ ) 
and  reflected  ( s  catterec^  in  the  direction  (e^icp^.)-  Furthermore,  by 
a  reciprocity  theorem  of  wide  generality^’  ^  first  enunciated  by  Helmholtz, 
wo  may  write 


p  ( 9^  .  cpi  >  9j  1  <pg )  p  ( 9j, ,  cpg  .  9j  )  cp.^  )  j-  g  j  ^ 

Thus  p'  (6^,cp^,  Pg.cpg)  is  ordinarily  the  partial  reflectance  between  the  two 
directions  ( 9^  ,  )  and(9^,Pg),  where  either  direction  may  be  that  of 

the  incident  elementary  beam  and  the  other  that  of  the  reflected  (scattered) 
elementary  beam. 


Hence,  we  can  write  the  expression  for  the  radiance  at  a  point 
of  the  reflecting  surface  (taken  as  the  origin  for  spherical  coordinates} 
in  the  direction  (9^,  <p^)  due  to  reflection  (scattering)  of  all  beams  of 
incident  radiation  as 


*  A  search  for  a  proof  (in  English)  of  this  Important  theorem  also  turned 

up  a  number  of  authors  who  referred  to,  or  made  use  of, the  theorem  in 

various  ways  without  giving  a  proof^’  ^  including  Von  Helmholtz^  , 

14 

although  Planck  states,  without  specific  citation,  that  Von  Helmholtz 

7 

"proved"  the  theorem.  DeHoop  not  only  gives  a  proof  (essentially  the 
same  as  that  of  Kerr^).but  also  Includes  an  explicit  statement  of  the 
requisite  conditions. 

-  8  - 
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’’r'  -  I  I  *  p'(ej.;pj.  0J..  cp^)  cpj)  sin  9^  cos  clcpj, 

=  1  p'(Pj,  cpj,  0^,  cp^)  (0J,  cpj)  d  n 'j  [w-cm-'’  si 


cm  ■•'’  •  sr“i  ]  ,  (7) 


where  we  adopt  the  following  notation  to  designate  integration  over  a 
hemisphere; 

i  f  (0,  ip)  do  -  J  J  f  (9,  cp)  sin  e  d  9  d  cp 

”  h  o  o 

r  I*  * ^  r  72 

and  j  f  (e,  ®)  do'  =  J  J  f  (0,  cp)  sin  0  cos  0  d  g  d  cp. 

This  relation  --  Ejqiiatlon  (7)  --  Is  for  a  particular  point,  or  for  the 
surface  element  5A  at  that  point.  For  a  more  general  expression,  we 
must  also  establish  the  reflected  radiance  from  other  points.  When  p' 
and  Nj  are  expressed  as  functions  of  spatial  location  [as  well  as  direction) 
for  all  points  on  the  reflecting  surface,  Equation  (7)  gives  the  reflected 
radiance  as  a  function  of  position  for  these  points  on  the  reflecting 
surface,  as  well  as  for  direction  each  such  point.  However, 

It  is  Important  in  that  case  to  recognize  that  Equation  (7)  is  written  above 
in  coordinates  which,  for  convenience,  are  specially  oriented  with 
respect  to  the  surface  element  6  A.  Appropriate  adjustments  must  be 
made  when  dealing  with  irregular  surfaces  where  the  direction  of  the 
normal,  with  respect  to  fixed  coordinates,  changes  In  going  from  one 
surface  element  to  another. 
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Whether  surface  Irregularities  are  treated  as  nilc  roscopic, 

(in  the  sense  that  their  effects  are  Integrated  or  averaged  in  the  dis¬ 
tribution  function  or  partial  reflectance  p'  .t\.03.  fPg)),  or  as 
macroscopic  (In  the  sense  that  they  may  be  analyr.ed  Into  smaller 
surface  elements  6A  for  treatment  as  In  the  preceding  paragraph)  can 
be  arbitrary,  depending  on  the  degree  of  resolution  desired,  or  can  be 
dependent  on  circumstances  limiting  achievable  resolution.  For  example, 
in  examining  the  reflectance  of  a  highly  Irregular  surface  containing 
deep  cavities,  such  as  a  piece  of  volcanic  scoria,  or  a  coarse,  blackened 
cellulose  sponge  In  the  laboratory,  it  may  be  possible  to  consider  the 
reflectance  of  different  portions  of  the  walls  of  single  cavities  (which 
are  ther  regarded  as  macroscopic  irregularities).  But  when  studying 
the  possible  effects  of  similar  surfaces  which  may  exist  on  the  moon, 
where  such  fine  detail  cannot  possibly  be  resolved  by  the  best  telescopes 
on  earth,  these  are  necessarily  treated  as  microscopic  Irregularities. 
Still  more  complicated  considerations  are  introduced  when  microscopic 
Irregularities  are  small  enough  to  have  dimensions  of  the  order  of,  or 

less  than,  the  wavelength  of  the  Incident  light  or  other  electromagnetic 

,,  17,  18,  19,  20 

radiation. 


The  total  reflectance  p  of  a  surface  element  6A  is  defined  in 
general  as 

p  =  6P  /  6P,  [dimensionless],  (8) 

r  i 
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'.siiere  J  1,-:  t!\('  total  radiant  powi-r  Inoldont  (t'roni  all  dlrectlona)  on 

J  A,  and  is  the  total  r e snltliisj  reflected  radiant  power  (in  all 

r 

directlcnsl.  As  stated  above,  the  value  of  p  depends  upon  the  geometry 
and  spectrum  of  the  incident  beam  of  radiation,  which  may  be  different 
in  each  pa.rticular  case.  Here  for  the  moment  we  are  concerned 
primarilv  with  the  geometrical  relations.  Hence,  for  the  remainder 
of  this  pa.per,  except  where  otherwise  stated,  we  will  eliminate  spectral 
considerations  by  restricting  the  spectrum  of  the  incident  radiation 
to  a  region  over  which  p  does  not  change  significantly  with  wave¬ 
length.  It  i;  then  useful  to  consider  some  special  cases  of  Incident- 
beam  geometry. 

If  the  incident  radia.tion  is  well  collimated,  within  a  small 
element  of  solid  angle  6.1^  =  sin  6^d6^d:p.  from  the  dlrection(  8^,  cp^,  )  the 
total  radiant  power  incident  on  6A  is 

5P^  =  5H.  (e^.cpj)  6A  [w]  .  (9) 

Then,  from  Equation  (5), 

"  p’ e^,cp^)  (ej.cpj) 

=  p'  f6,  ®,9  ,g)  )6P,  /  5A  [w.cm  ®.sr  ^1 

K  i  l  r  r  1  '■ 
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but  P  =  :  5N  (?  .  CP  )  <^0' 

r  ,  i'  r  '  r  r 

ri 

=  5Pj;  p' 
h 

=  5P.  p  ,.  (a.ov)  [v,-l,  (11) 

1  ■  ai  1  ’  i 

where  p  ,,  (9,,<e,)  Is  the  (total)  directional  reflectance,  for  a  well- 
di  I  I 

collimated  incident  beam,  given  by 

Pdj(9i’<Pi)  =  I  p'  '9i>  Sj.' 'I’j.)  [dimensionless],  (12) 

h 

F'or  isotropic  surfaces,  there  is  no  dependence  on  the  azimuth  (p  and 
Equation  (12)  simplifies  to  the  frequently  recognized  dependence  on  0; 

*^di  *®1’®1^  ~  ^di  *^i^'  ^  well-collimated  beam  is  incident  perpen¬ 

dicularly  on  a  plane  surface,  we  have  the  commonly-reported  normal 

reflectance,  p  =  p  (0).  If  a  point  on  the  surface  of  a  solid  Is  uniformly 
n  dl 

irradiated  from  all  external  directions,  1.  e.,  if  is  a  constant,  the 
reflected  radiance  In  the  direction  (S^.cp^).  from  Equation  (7)  is  given  by 

^r*®r'  ®r^  ^  ‘^I  f  P'  ^®i’  ®I’  ®r’  '^^'l 

h 

"  Pdr  *®r’ ®r^  ^1  [  w- cm-®  ■  sr"!  ]  ;  (13) 

where  Pd-  ^  *^r  ’  ®r  ^  ‘  J  P  '  ^  [dimensionless],  (14) 

h 

But,  from  the  reciprocity  relation.  Equation  (6),  and  Equations  (12) 
and  (14)  we  can  '.rrite 

(S^  , -Dl )  =  Pdr  (Si  ■  Hi  )  =  Pd^^^Pi^  [dimensionless],  (15) 

-  12  - 
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Thu^.  the  ttot.il)  di  reetioii.il  rotloetance  p  ^  wol  I  -  eollimatcd 

beat'll  ineiderd  t'rotti  the  direetioii  (9^,:^^)  is  also  the  ratio  betwoon  the 
retleeted  radiance  X  (Q^.cp^)  in  that  sanio  direction  anc.  the  incident 
radiance  X.  wlien  the  surface  is  unifornilv  irradiated  from  all  directions 

L 

(hemispherical  irradiation).  This  relation  --  Equations  (13)  and  (15)  -- 

g 

is  the  basis  for  a  reflectometry  technique  described  by  McNicholas. 

4.  DIRECTIONAL  EMISSIVITY  (AND  ABSORPTANCE) 

^.Iore  important.  Equations  (11),  (13)  and  (15)  are  the  basis  for 
evaluating  and  equating  the  directional  absorptance  and  directional 
emissivity  of  the  surface  element  6A  in  a  simple  relation  which  has  the 
same  form  as  the  Kirchhoff 's -Law  relation  - -see  Equation  (18)  below. 

If,  in  Equation  (1.3),  the  uniform  incident  radiance  N.  is  equal  to  (T), 
the  blackbody  radiance  (either  total  or  spectral,  i.  e.  ,  in  a  small  wave¬ 
length  interval  at  a  given  wavelength)  in  an  isothermal  enclosure  at 
T°K,  and  if,  in  fact,  the  reflecting  surface  forms  the  wall  of  such  an 
enclosure  so  that  it,  too,  is  at  this  same  temperature,  then  the  radiance 
in  the  direction  (9.  ,  cpi  )  from  the  element  of  wall  surfs  '.c  6A  is  made  up 
of  an  emitted  radiance  and  a  reflected  radiance,  as  follows; 

=  (T)  [w-cm'^-sr"!].  (I6a) 

Similarly,  of  the  rad.ance  N  (T)  incident  on  the  element  6A  from  a  direction 

b 

( 9  ,  .  yj ,  )  ,  a  po  rtion  X  is  absorbed  and  the  remainder  N.  is  reflected 
11a  ir 

(scattered)  in  all  directions  (into  a  hemisphere): 
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N,(T) 


[  \v.  rni  ■‘'  -  y  r  ■ 


(l6b) 


Here,  {$.  ,  )  i;  the  directional  emissivity  {at  temperature  T)  of  the 

element  5A  for  radiation  emitted  in  the  direction  (6,^,  cpi  )  and  a,  (9,  ,  cp,  ) 
is  the  absorptance  (at  T)  for  radiation  incident  from  that  direction. 
Consequently,  from  Equation  (Ih), 

(8,  .  ci',  )  =  I  -  0^^  (@1  ,  .-ft  ) 

=  1  -  Pdi  '  Vi  ^  ~  ‘^d  ^  [dimensionless],  (17) 

Mote  that  equilibrium  maintenance  with  conservation  of  energy  (Kirchhoff’s 
Law)  by  itself  would  justify  only  each  line  of  Equation  (17)  independently, 
and  the  Helmhotz  Reciprocity  Law  (which  is  the  basis  for  Equation  (6) 
and,  in  turn,  Equation  (15))  must  also  be  invoked  in  order  to  equate 
them  to  each  other  and  so  to  relate  emissivity  for  radiation  emitted  into 
a  given  direction  to  the  absorptance  for  radiation  incident  from  that  same 
direction  (See  Appendix  A  concerning  a  contrary  position.) 

In  the  more  familiar  form  of  Kirchhoff's  Law, 

g  =  1  -  p  =  a  [  dimensionless]  ,  (18) 

directional  quantities  are  not  considered.  Instead,  the  total  emissivity 
for  radiation  emitted  in  all  directions  (into  a  hemisphere)  is  related  to 
the  total  reflectance  (in  all  directions  into  a  hemisphere)  for  uniform 
incident  radiance  (from  all  directions,  i.  e,  ,  from  a  hemisphere)  and  to 
the  total  absorptance  for  uniform  incident  radiance  (from  all  directions, 
i,  e.  ,  from  a  hemisphere).  The  total  reflectance  p  in  Equation  (18),  for 
uniform  incident  radiance  (N.  =  a  constant  independent  of  direction)  is  then 
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6 A  N  50' 

,  J  h  t* 

P  =  5P  ''5P,  =  — 


'^I  J, 


1 


6 A  N  60' 
“h  ‘ 


dO' 
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[dimensionless],  (19) 


The  quantities  in  Equation  (18)  are  those  involv'ed  in  heat-transfer 
computations  where  the  Interest  is  in  the  net  flow  of  energy  across  a 
bounding  surface,  Involving  radiation  received,  emitted,  or  reflected 
in  all  directions  , 


Equations  (17)  and  (18)  apply  in  all  cases  to  spectral  radiation 

(i.e,  ,  the  radiation  in  a  very  small  wavelength  interval  about  a  specified 

svavelength)  and  hence  also  to  any  spectral  interval  in  which  p  or  (and 

therefore  also  6  or  and  o'  or  o^)  do  not  change  significantly  with 

wavelength.  When  thermal  equllbrium  exists  (i.e.  .  when  (T)  = 

-00 

,  (T,  \)  d  X,  where  N, ,  (T,  X)  is  the  spectral  radiance  of  a  blackbody 

J  AD  AD 

O 

at  T  K),  they  also  a-pply  to  total  radiation  (all  wavelengths),  even  though 
the  spectral  reflectance  varies  with  wavelength.  However,  if  the  spectral 
reflectance  Is  not  a  constant  and  the  spectral  distribution  of  the  incident 
radiation  is  arbitrary  (non-equilibrium  condition),  Equations  (17)  and  (18) 
do  not  necessarily  hold  for  the  total  (all  wavelengths)  reflectance, 
absorptance,  and  emlssivlty . 
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_ LXAMPLhS. 

Iv  ,'-i;er  to  v  laritv  the  loregoing  treatment  ot  reflectance.  It 
may  be  helpful  to  apply  it  to  some  f*  quently  encountered  situations. 

In  reflectance  measurements,  it  is  a  common  practice  to  make  compar¬ 
isons  with  standard  surtaces  which  approximate  the  limiting  cases  of 
perfectly  diffuse  reflectance  (MgO  is  often  used)  and  specular  reflectance 
(a  highly  polished  mirror). 

First,  a  perfectly  diffuse  reflector  is  characterized  by  a 
constant  value  of  partial  reflectance  p'  in  all  directions  .  If  such  a 
surface  is  diffusely  irradiated  constant  over  a  hemisphere)  and  the 
reflected  radiation  in  a  well-collimated  beam  in  any  particular  direction 
is  measured,  or.  in  the  reverse  situation,  if  well- collimated  incident 
radiation  is  reflected  into  a  hemispherical  receiver  (e.g.,  an  integrating 
sphere),  the  ratio  of  reflected  power  (flux)  from  a  given  surface  area 
to  the  incident  power  on  that  area  is  gi%-en  in  either  case  by  the  direc¬ 
tional  reflectance  which,  by  Equation  (12).  is  also  a  constant: 

Pd  =  p'j  cH'  =  TT  p'  [  dimensionless]  .  (20) 

Hence,  from  Equation  (13),  the  total  reflectance  for  any  arbitrary 
configuration  of  incident  radiation  is  given  by 
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"  X  Li.vaA  p  f  r  N,  curaA 

=  Tr  -  .h.  -•  ^  ^  >  ll  t 

t  X  a.ydA  r  r  N  d.^'dA 

'  '  h  '  h  ^ 

=  =  "P'  [  ainicnalonlcs  s]  ,  (21) 

svhere  the  Integration  with  respeot  to  dA  is  carried  out  over  the  same 
area  In  both  numerator  and  denominator,  and  may  be  any  function 
of  direction  and  position.  ’iVhen  the  Incident  radiation  is  uniformly 
distributed  over  the  surface  (even  though  It  is  not  necessarily  uniform 
'A-lth  respect  to  incident  direction),  the  reflected  radiance  In  any 
direction  Is  related  to  the  Irradlance  Hj  by  the  partial  reflectance  p' 
defined  In  Equation  (5),  as  follows: 

p'  =  =  p/tt  [sr-»].  (22) 

Second,  a  perfectly  specular  refleci  ,■  .faracterlzed  by  the 

relation 

N^(9,0.±  ^)  =  (e,(p)  Nj  (9,(p)  [w.  .  "  .  sr-i].  (23) 

By  comparing  this  with  the  general  relationship  between  Incident  and 
reflected  radiances,  it  can  be  seen  that  Equation  (23)  will  result  if  the 
partial  reflectance  p'  In  Equation  (7)  has  the  form 

p'  Oj.cpj,  'Pj.)  =  ^  Pd  Sj,  -  sin®  e|^) 

5(cpj.-  qjj  ±  tt)  [sr'ij  (24) 

where  f  (sin®B_  -sln^^s^)  and  -cpj  irr)  are  Dirac  delta-functions  which 

satisfy  the  defining  relations 
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<  (111  =  0  lor  u  ^  0, 

5  (ul  du  =  1.  and 

f  (u)  5  (u)  du  =  t  (0), 

when  the  Integration  is  carried  out  over  the  full  range  of  the  variable, 

0  <  a  ^  case. 

Sometimes  attempts  are  made  to  state  apparently  simple 
relationships  between  the  output  of  a  given  reflectometer  for  a  diffuse 
standard  surface  and  a  specular  standard  surface.  This  is  not  a  simple 
matter.  It  depends  critically  upon  the  configuration,  and  a  wide  variety 

o  21 

01  conilgurations  are  em,ployed. 

As  an  illustration,  assume  that  a  sample  surface  is  uniformly 
Irradiat’d  by  a  well-collimated  beam  of  uniform  radiance  Nj  within  a 
small  solid  angle  iPj  incident  from  the  direction  (p.cp)  .  Assume  also  that 
a  detector  is  placed  with  appropriate  optics  (stops  and,  if  necessary, 
focussing  elements)  to  Insure  that  it  receives  radiation  only  from  a  well- 
defined  portion  of  the  irradiated  surface,  of  area  A  A,  through  a  well- 
defined  solid  angle,  <  hHj,  In  the  direction  (g,  tpin).  First,  If  the 

reflecting  surface  Is  perfectly  diffusing,  the  reflected  radiance  is  con¬ 
stant  in  all  directions  and  is  related  to  the  incident  irradiance.  i 

p,,  cos  o^=  "’j,  by  Equations  (5),  and  (21).  The  total  power  (flux) 

received  by  the  detector  is  then 

P  ,  =  N  dn'  dA 
d  „  „  r  r 

=  (p/")  X,  A  n',  ^  ■  cos  9  ,  dn  ,  dA 
1  1  .  r  r 

=  ^P.'")  Xj  AH'j  An'j.  A^ 
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Xote  that  It  there  is  vls;nettlu^,  so  tliat  tl'.e  Hollil  an^lo  A  tliroupli  whleh 
the  cieteetor  receives  radiation  Is  not  exactly  the  same  tor  eaeli  point  of 
the  surface  A  A,  it  may  be  difficult  to  evaluate  the  integrals. 

Next,  if  a  specular  standard  surface  Is  substituted  for  the 
diffuse  surface  (and  if  it  is  carefully  aligned  to  insure  that  the  solid  angle 
A  w  is  completely  filled  with  reflected  radiation),  tlien,  from  ICquatlon 
(2?),  the  total  power  (flux)  received  by  the  detector  can  be  written  as 

=  j  j  N^  dO'  dA 

=  (e,  cr)  Nj  A  0'^  aA  [w],  (26) 

If  these  were  ideal  standards,  with  reflectance  values  of  unity  in  each 
case  (p  =  =  1),  the  ratio  of  the  detector  outputs  (proportional  to 

received  power)  for  the  two  surfaces  under  the  described  conditions 
would  then  be 


P  T-  TT 

s 

A  6  QjCos 


[  dimensionless]  .  (27) 


It  is  obvious  that  this  relation  depends  directly  (Inversely)  on  the  solid- 
angle  spread  of  the  incident  collimated  team.  The  dependence  on  the 
other  factors  In  the  configuration  --  the  alignment,  the  solid  angle  of 
acceptance  of  the  detector,  etc.  --  is  clear  from  the  foregoing  discussion 
and  specification  of  the  conditions  for  which  this  relation  was  derived. 
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vmlv  wli.it  ml^ht  be  ternied  the  evteriial  r;idlonietrK-  relations 
have  been  considered  In  the  fovegolna  treatment  and  no  attempt  has 
been  made  to  deal  with  the  deeper  theory  relating  reflectance,  emlsslv- 
itv,  and  ahsorptance  to  the  optical  constants  of  the  materials,  A  good 
summarv  of  the  most  important  aspects  of  that  approach  is  given  in 
Reference  22. 


SUMMARY. 


The  partial  reflectance  of  a  surface  element  p'  ( 0j  ,  cp^  ,  6g  ,  cp  a ) 
is  defined  in  Equation  (5)  as  the  ratio  between  the  reflected  radiance 
in  the  direction  (9j,  sr, )  and  the  incident  Irradlance  from  the  direction 
i' £.  ,  )  which  produces  It.  Integration  of  this  quantity  over  the  solid 

angle  of  a  hemisphere  in  Equation(12)  yields  the  directional  reflectance 

fraction  of  the  radiant  power  Incident  from  the 
direction  18^,  s^)  that  Is  reflected  In  all  directions  (into  a  hemisphere). 
Furthermore,  if  the  reciprocity  theorem--Equation  (6)  --  is  applicable, 
as  it  ordinarily  Is,  at  least  to  a  good  approximation,  then  this  direc¬ 
tional  reflectance  is  also  the  ratio  between  the  radiance  in  the  given 
direction  and  the  incident  radiance  when  the  surface  element  is 
uniformly  irradiated  from  all  directions,  as  indicated  in  Equation  (15). 
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;,.r vel.itt.'u  to  tl’.o  dire..’tion:il  vot'leotnnoo  n  ,  shown 

11  'aril 

In  ~^uintlo!i  •ll'l.  When  the  reciprocity  theoreni  Is  appllcnhle  (as  Is 
'.■-sualls'  the  easel,  the  emlsslvltv  In  a  given  direction  Is  ecjual  to  the 
absorptlvitv  for  radiation  Incident  from  that  direction,  which  Is  also 
eqna’.  to  one  minus  the  directional  reflectance  for  that  same  direction. 

A  perfectly  diffuse  reflector  is  characterized  by  uniform 
reflectance  in  all  directions.  It  is  shown  In  Equation  (2  1)  that  this 
is  equal  to  pi  times  the  partial  reflectance.  The  relationship 
between  the  partial  and  directional  reflectances  for  a  perfectly 
specular  reflector  involves  Dirac  delta-functions,  as  given  in  Equation 
f241. 


The  completely  general  expression,  relating  the  reflected 
radiance  of  a  surface  element  In  a  given  direction  N  (9  ,  cp  )  to  the 
Incident  field  of  radiation,  specified  by  expressing  the  Incident 
radiance  as  a  function  of  direction  (0^,  cp^),  is  given  In  terms  of  the 
partial  reflectance  p '(9^,  cpj^,  6^,  q)^)by  Equation  (7),  This  holds  true 
regardless  of  the  geometrical  configuration  of  the  Incident  beam.  The 
radiant  power  in  a  reflected  beam  is  then  computed  by  integrating 
the  resulting  value  of  reflected  radiance,  as  a  function  of  direction, 
over  the  appropriate  projected  area  and  solid  angle  as  Indicated  in 
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the  first  line  of  Equation  (25)  and  discussed  In  greater  detail  in 
Reference  1. 

As  with  many  idealised  physical  quantities,  partial  and 
directional  reflectances  can  never  be  measured  exactly,  even  with 
oerfect  Instrumentation.  Since  a  measurement  rei-iulres  a  beam 
of  radiation  of  non-zero  cross  section  and  solid  angle,  the  measure¬ 
ment  at  best  can  only  yield  average  values  over  these  Intervals  of 
projected  area  and  solid  angle.  However,  the  concepts,  terminology, 
and  symbols  presented  here  make  It  possible  to  specify  explicitly 
and  unambiguously  the  interrelationships  and  approximations 
involved  in  dealing  with  real  situations.  Also,  the  application  of 
Xirchhoff’s  Law  --  Zo.uatlon  (18)  —  to  the  directional  quantities  can 
be  stated  explicitly,  as  in  Equation  (17). 
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APPENDIX  A  --  Reciprocitv  in  an  Isothermal  Enclosure 


A  paper  by  Bauer"  presents  an  alleged  proof  of  the  Hclnihoit.< 
reciprocity  law  for  diffuse  reflection  as  a  consequence  of  equilibrium 

conditions  in  an  isothermal  enclosure.  The  argument  hinges  on  the 
statem.ent  that  the  second  law  of  therm.odynamics  requires  that  there 
be  no  net  exchange  of  energN*  by  radiation  between  any  two  individual 
elem.ents  of  the  internal  (opaque)  surface  of  an  isothermal  enclosure. 
However,  it  seem.s  to  m.e  that  the  requirements  of  the  second  law  apply 
to  the  total  flow  of  energy*,  taking  ini. a  account  radiation  emitted  into, 
and  absorbed  from,  all  directions  (full  hemisphere)  by  such  a  surface 
element,  as  the  basis  for  Kircldtoff’s  LavvIH quation  18). 
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